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Note on "A Spectrum Factorization Method for the 
Calculation of Nonlinear Filters of the Volterra 
Type" of Katzenelson and Gould 
E. BREGSTONE 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
A class of processes for which the "Spectrum Factorization" 
method of Katzenelson and Gould is inapplicable is delineated in 
this note. 
A class of processes for which the "Spectrum Factorizat ion Method"  
of Katzenelson and Gould is inapplicable is delineated in this note. 
Let x( t )  be a stationary, zero mean stochastic process as in Katzenel- 
son and Gould (1965). Define 
U(h ,  l~, ts ,  t4) =- x(t  - h )x ( t  - t2)x(t - h )x ( t  - t4) (1) 
where the bar  denotes a statistical average. Suppose 
L imit  U(h ,  t2, g -t- d, - g) = [x~]  2 x(t  - h )x ( t  - t2) 
=0 
(2) 
and 
U(h  , t~ , h ,  t4) = ~(t l  - t2 )~( t l  - t3 , t2 - t4). (3) 
(Equat ion (3) is assumption 1 on p. 239 of Katzenelson and Gould 
(1965).) Then 
TI~EOREM. x(  t) = x(t)  = 0 a lmost  everywhere.  
Proof :  I f  )2(t) = 0 then the theorem is trivial ly true. Hence suppose 
that 
x2(t) ~ 0. (4) 
U(h ,  t2, t~, h)  is a symmetr ic  function of h ,  t2, ta, t4 and may be 
considered to be a function (only) of t2 - h ,  t~ - h ,  h - h • 
U(h ,  t2, h ,  t4) = ~(h  - t2 )~(h  - h ,  t~ - t4) (3) 
, ~- -  A t - -  - -  - -  u(t~ t~,t4,t~) ~,( ~ tO~(t~ t~,t~ t~) (3) 
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By symmetry, U(t l  , t2 , t3 , t4) = U(t2  , t~ , t4 , t3). Hence 
~(t~ -- t2)~o(tl - -  ta,  t2 - -  t4) = ¢0(t2 - -  tx)~o(t2 - -  t4, t~ - -  t3). 
This may be written 
~(a)~(b ,  c)  = ~( -a )¢(c ,  b ) .  
Let 
Hence 
By symmetry, 
_ 2 (a )  ~(c, b) L ~-(-L~) - ~---~,~) 
~(a)  = L~( - -a )  -- L~[ - (-a)l = L2~(a) 
(5) 
(6) 
(7) 
Heace 
Hence 
~(c ,  b) = f (c  + b) .  (13) 
U(t l ,  t2,  t3,  t4) = ~(ta - t2) f ( t l  -4- t2 - t3 - -  t4). (14) 
U(t l  , t2 , ta , t4) = U( t l  , t2 , t4 , t3). 
Hence 
~o(t~ t2 )~( t~ - t3 , t2 - t~) = ~o( t l  - t z )~( t~ - t4 , t2 - t3 ) .  
This may be written 
~(a)~o(b,  c) = ~(a)~o(a  + c, b - a ) .  (9) 
Suppose L = -1 .  Then 
b(0) = 0 and ~(b, b) = 0. (10) 
Hence 
• [x ( t  - -  t¢)] 4 = U(t~,  tl, tl, t~) = ~(0)~(0 ,  0) = 0. (11) 
Hence x( t )  = 0 almost always. 
Suppose L = +1. When ~(a) ~ 0, Eqs. (9) and (5) yield 
~(c, b) = ~(c + a, b - a). (12) 
L = -4-1. (8) 
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Let  
Then  
t3=g-Fd  and t4= -g.  (15) 
U(t~ , t.2 , t~ , t4) = ~(t~ - t2)f(t~ -~- t2 - d)  
Let g increase without bound. Then (by use of Eq. (2)) 
~(t: - t~)f(ti + t2 -- d) = 0. 
Hence either 
In either case, 
(16) 
(17) 
U(~I, t,2, is, t4) = 0. (19) 
Hence x( t )  = 0 almost always. Q.E.D. 
A similar proof (which proves x( t )  = x(t--'~ almost always) is con- 
tained in Bregstone (1963), pp. 23-27 .  
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